We show that the universal unitary completion of certain locally algebraic representation of G := GL 2 (Q p ) with p > 2 is non-zero, topologically irreducible, admissible and corresponds to a 2-dimensional crystalline representation with non-semisimple Frobenius via the padic Langlands correspondence for G.
Introduction
Let G := GL 2 (Q p ) and B be the subgroup of upper-triangular matrices in G. Let L be a finite extension of Q p . Theorem 1.1. Assume that p > 2, let k ≥ 2 be an integer and let χ : Q × p → L × a smooth character with χ(p)
Assume that there exists a Ginvariant norm on (Ind
Then the completion E is a topologically irreducible, admissible Banach space representation of G. Moreover, if we let E 0 be the unit ball in E then
where V is Colmez's Montreal functor, and V k,2χ(p) −1 , is a 2-dimensional irreducible crystalline representation of G Qp the absolute Galois group of Q p , with Hodge-Tate weights (0, k −1) and the trace of crystalline Frobenius equal to 2χ(p) −1 .
As we explain in §5, the existence of such G-invariant norm follows from the recent work of Colmez, [6] . Our result addresses Remarque 5.3.5 in [3] . In other words, the completion E fits into the p-adic Langlands correspondence for GL 2 (Q p ).
The idea is to "approximate" (Ind
is an unramified character with δ x (p) = x ∈ 1 + p L . If x 2 = 1 then χδ x = χδ x −1 and the analog of Theorem 1.1 is a result of Berger-Breuil [3] . This allows to deduce admissibility. This "approximation" process relies on the results of Vignéras [14] . Using Colmez's functor V we may then transfer the question of irreducibility to the Galois side. Here, we use the fact that for p > 2 the representation V k,±2p (k−1)/2 sits in the p-adic family studied by Berger-Li-Zhu in [2] .
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Notation
We fix an algebraic closure Q p of Q p . We let val be the valuation on Q p such that val(p) = 1, and we set |x| := p − val(x) . Let L be a finite extension of
× we consider χ as a character of the absolute Galois group G Qp of Q p via the local class field theory by sending the geometric Frobenius to p.
and for m ≥ 1 we define
Let K 0 be the G-normalizer of K, so that K 0 = KZ, and K 1 the G-normalizer of I, so that K 1 is generated as a group by I and Π := 
Diagrams
Let R be a commutative ring, (
commutes in the category of R[IZ]-modules. The condition (1) is important, since one can have two diagrams of R-modules D and
The diagrams of R-modules with the above morphisms form an abelian category. To a diagram D one may associate a complex of G-representations:
c-Ind
where δ :
and f is supported only on finitely many cosets K i g. To describe ∂, we note that Frobenius reciprocity gives Hom G (c-Ind
IZ D 0 is a direct summand of the restriction of c-Ind
, we let ∂ be the image of r. We define H 0 (D) to be the cokernel of ∂ and H 1 (D) to be the kernel of ∂. So we have an exact sequence of G-representations: 
We are going to compute such diagrams D, attached to smooth principal series representations of G on L-vector spaces. Given smooth characters
× be the character:
We let D 0 := Ind K Jc θ, and we let p ∈ Z act on D 0 by a scalar
is naturally a representation of IZ. We are going to put an action of Π on D 1 , so that D 1 is a representation of K 1 . Let
Every f ∈ D 1 can be written uniquely as f = f 1 + f s , with f 1 ∈ V 1 and f s ∈ V s , and we define Π f :
Proof. We note that p ∈ Z acts on π by a scalar λ 1 λ 2 . Since G = BK,
Main result
In this section we prove the main result.
Lemma 4.1. Let U be a finite dimensional L-vector space with subspaces
Proof. Let N denote the image of M in U/U 2 . Then N contains (M ∩U 1 )+U 2 , and both are lattices in U/U 2 . Let a ≥ 1 be the smallest integer, such that p
We fix an integer k ≥ 2 and set
We say that π ⊗ W admits a G-invariant norm, if there exists a norm on π ⊗ W , with respect to which π ⊗ W is a normed L-vector space, such that gv = v , for all v ∈ π ⊗ W and g ∈ G.
Let c ≥ 1 be an integer such that both χ 1 and χ 2 are trivial on
In this case Vignéras [14] has shown that the inclusion
Proposition 4.2. Let π = π(χ 1 , χ 2 ) be a smooth principal series representation, assume that π ⊗ W admits a G-invariant norm and let D be as above.
Then there exists an integer a ≥ 1 such that for all
Proof. Apply Lemma 4.
where V 1 and V s are given by (4). Then we get an integer a ≥ 1, such that for all
and for all g ∈ I we have:
Hence, we have an isomorphism of diagrams D(x) ∼ = D(x −1 λ 1 , xλ 2 , θ 1 , θ 2 ) and so Lemma 3.1 gives H 0 (D(x)) ∼ = π(χ 1 δ x −1 , χ 2 δ x ) ⊗ W . Now, let b ≥ a be an integer and suppose that
is an integral structure in D(x) in the sense of [14] . The results of Vignéras cited above imply that M :
Let k ≥ 2 be an integer and a p ∈ p L , following Breuil [5] we define a filtered ϕ-module D k,ap : D is a 2-dimensional L-vector space with basis
We set V k,ap := Hom ϕ,Fil (D k,ap , B cris ). Then V k,ap is a 2-dimensional L-linear absolutely irreducible crystalline representation of G Qp := Gal(Q p /Q p ) with Hodge-Tate weights 0 and k − 1. We denote by χ k,ap the trace character of V k,ap . Since G Qp is compact and the action is continuous, G Qp stabilizes some o L -lattice in V k,ap and so χ k,ap takes values in o L .
Proposition 4.3. Let m be the largest integer such that
Proof. This a consequence of a result of Berger-Li-Zhu [2] . In [2] 
, see Remark 4.1.2 (2) in [2] . This implies the congruences of characters.
Let k ≥ 2 be an integer and λ 1 , λ 2 ∈ L, such that λ 1 + λ 2 = a p and
shown that the unitary L-Banach space representation of G:
is non-zero, topologically irreducible, admissible in the sense of [13] , and contains π(χ 1 , χ 2 | | −1 ) ⊗ W as a dense G-invariant subspace, [3, §5.3] . Moreover, the dual of E k,ap is isomorphic to the representation of Borel subgroup 
The constructions in [3] and [6] are mutually inverse to one another. This means if we assume λ 1 = λ 2 and let M be as above, then
The . Then E is nonzero, topologically irreducible, admissible Banach space representation of G. Moreover, if we let E 0 be the unit ball in E then
Proof. Since the character χ|χ| is integral, by twisting we may assume that χ is unramified. We denote the diagram
Let a ≥ 1 be the integer given by Proposition 4.2, for each j ≥ 0, we fix
This is possible by Proposition 4.2. To ease the notation we set M := H 0 (D). Let a p (j) := λx −1 j + λx j , a p := 2λ and let m be the largest integer, such
, for all j ≥ 0. This gives us χ V = χ k,ap . Since V k,ap is irreducible, the equality of characters implies V ∼ = V k,ap .
we get an injection M ֒→ M . In particular E ′ contains π(χ, χ| | −1 ) ⊗ W as a dense G-invariant subspace. We claim that E ′ is a topologically irreducible and admissible G-representation. Now [2, Thm.4.1.1, Prop.4.1.4] say that the semi-simplification of
is the unramified character sending arithmetic Frobenius to ± √ −1, and ω is the cyclotomic character. Then [4, Thm A] 
is an admissible representation of G (so that for every open subgroup U of G, the space of U-invariants is finite dimensional). This implies that E ′ is admissible.
Suppose that E 1 is a closed G-invariant subspace of E ′ with
) is a 1-dimensional subspace of V k,ap stable under the action of G Qp . Since V k,ap is irreducible we obtain a contradiction.
Since E ′ is a completion of π(χ, χ| | −1 ) ⊗ W with respect to a finitely generated o L [G]-submodule, it is the universal completion, see eg [7, Prop. 1.17 ]. In particular, we obtain a non-zero G-equivariant map of L-Banach space representations E ′ → E, but since E ′ is irreducible and π(χ, χ| | −1 ) ⊗ W is dense in E, this map is an isomorphism. 
Proof. The existence of a G-invariant norm implies that the universal completion is non-zero. It follows from Theorem 4.4 that the universal completion is topologically irreducible and admissible. The assertion follows from the proof of [3, Cor. 5.3.4] .
For the purposes of [10] we record the following corollary to the proof of Theorem 4.4.
Corollary 4.6. Assume p > 2, and let
as a dense G-invariant subspace, such that E ⊆ |L|. Then there exists x ∈ 1 + p L , x 2 = 1 and a unitary completion E x of (Ind
x is the unit ball in E x and E 0 is the unit ball in E.
Proof. Let π := Ind
We claim that ι is a surjection. Let v ∈ E 0 , since π ⊗ W is dense in E, there exists a sequence {v n } n≥1 in π ⊗ W such that lim v n = v. We also have lim v n = v . Since E ⊆ |L| ∼ = Z, there exists m ≥ 0 such that v n ∈ M, for all n ≥ m. This implies surjectivity of ι.
By 
The assertion follows from the proof of Theorem 4.4.
Existence
Recent results of Colmez, which appeared after the first version of this note, imply the existence of a G-invariant norm on (Ind
L , thus making our results unconditional. We briefly explain this.
We continue to assume p > 2, k ≥ 2 an integer and a p = 2p (k−1)/2 . The representation V k,ap of G Qp sits in the p-adic family of Berger-Li-Zhu, [2, 3.2.5] . Moreover, all the other points in the family correspond to the crystalline representations with distinct Frobenius eigenvalues, to which the theory of [3] applies. Hence [6, II.3.1, IV.4.11] implies that there exists an irreducible unitary L-Banach space representation Π of GL 2 (Q p ), such that V(Π) ∼ = V k,ap . If p ≥ 5 or p = 3 and k ≡ 3 (mod 8) and k ≡ 7 (mod 8), the existence of such Π also follows from [8] . It follows from [6, VI.6.46 ] that the set of locally algebraic vectors Π alg of Π is isomorphic to (Ind 
